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Abstract

The heterogeneous multiprocessor task parti-
tioning with replication problem involves deter-
mining a mapping of recurring tasks upon a set
consisting of different processing units in such a
way that all tasks meet their timing constraints
and no two replicas of the same task are assigned
to the same processing unit. The replication re-
quirement improves the resilience of the real-time
system to a finite number of processor failures.
This problem is NP-hard in the strong sense. We
develop a Fully Polynomial-Time Approximation
Scheme (FPTAS) for this problem.

Keywords: Multiprocessor scheduling; Recur-
ring tasks; Fault tolerance; Partitioning; Approx-
imation scheme.

1. Introduction

Multiprocessor embedded systems have be-
come a reality for many different applications.
MPOC [22] is an example of a multiprocessor
platform that was originally designed for high-
resolution printers. A motivation for this trans-
formation from uniprocessor platforms has been
the growing demand for functionality and the in-
feasibility of executing all tasks on one proces-
sor when timing requirements need to be satis-
fied. Another reason for employing multiproces-
sors has been the ability to tolerate processor
failures via task replication [17, 11]. Maintain-
ing replicas of a task at different processors en-
sures that single processor failures will not affect
the required system behavior. Real-time systems
are employed in many safety-critical applications
and reliability is of paramount importance for
such applications [21]. An application exam-
ple is video monitoring for remote activities in
space. In August 2005, astronauts had to take
a spacewalk to repair heat shields on the Dis-

covery orbiter. Similar missions require careful
execution and, in some situations, may call for
a robotic arm. The processors on the arm are
susceptible to cosmic radiation which may intro-
duce errors; at the same time, heavy lead shield-
ing would make it difficult to construct and em-
ploy such robotic arms for delicate operations.
Redundancy becomes essential to ensuring the
success of critical — and expensive — activities.

Modern electronic systems consist of a fairly
heterogeneous collection of components; these
components are a mix of analog and digital de-
vices, controlled by several software objects. The
hardware is constructed from different micro-
processors (general-purpose or specific chips sets
for tasks such as DSP), various memory chips
and dedicated integrated circuits (such as ASICs
and FPGAs) and a set of local connections be-
tween these components and interfaces (sensors,
actuators) between the computing system and
the operating environment. Each hardware com-
ponent is capable of perform multiple functions;
some functions may be better served on ded-
icated processors and some might require the
flexibility offered by general-purpose processing
units. Such systems are called heterogeneous
platforms [7]. This heterogeneity implies that
the same task (lines of code) may require a dif-
ferent number of clock cycles when executed on
different processing units. At the same time, it is
not cost-efficient to use a distinct processor for
each software process.

We study the task allocation problem with
replication in a setting similar to the one ex-
plored by Baruah [5]. The tasks we consider
are recurring (or periodic) tasks which are asso-
ciated with release times and deadlines. More-
over, these tasks need to be replicated on multi-
ple processing units to ensure a degree of fault
tolerance. Our main contribution is a Fully
Polynomial-Time Approximation Scheme for the
task partitioning problem with timing and repli-
cation constraints. By doing so, we generalize
the work started by Baruah and support fault-
tolerance primitives. Prior techniques for task



partitioning run into exponential-time complex-
ity (in the number of tasks) when replication is
required and we present an algorithm that runs
in polynomial-time. The algorithm we present
will enable system architects to explore resource
tradeoffs at design time.

Organization of this paper In Section 2, we
detail the system model and the assumptions
made about the model. Section 3 provides a for-
mal definition of the problem we wish to solve
and prove its intractability. Section 4 outlines
the approach used by Baruah [5] to solve a spe-
cial case of the problem we tackle and highlights
the difficulties in using the existing technique for
the problem at hand. Section 5 describes the
dynamic programming methodology we use to
obtain a Fully Polynomial-Time Approximation
Scheme for the replicated task partitioning prob-
lem. Section 6 uses examples to illustrate our
methodology. In the last two sections, we dis-
cuss related work and the ramifications of and
further directions for this work.

2. System model and assumptions

2.1. The heterogeneous system platform

Our system model is identical to the model
described by Baruah [5]. A heterogeneous real-
time platform is specified by a set of M proces-
sors (processing units), IT= {m,..., Ty }.

2.2. Task model

The set of activities to be performed by the
system is specified by a set of N recurring soft-
ware tasks, I' = {7y,...,7v}. Task 7; requires an
execution time e; ; when assigned to processor
m; and is executed periodically every p; units of
time. p; is referred to as the period of 7;. In the
periodic task model, each task generates an infi-
nite sequence of jobs that needed to be executed
(for ¢; ; time units depending on the processor it
is assigned to) and successive jobs are separated
by exactly p; time units. If successive jobs of 7;
are separated by at least p; time units, the task
is referred to as a sporadic task. Each job is ex-
pected to complete within p; time units after it
has been released (made eligible for execution).
Thus, the deadline of a job relative to its release
time is p;, The heterogeneity of the computing
platform is captured by the different execution
times on different processors.

Each software task requires a fraction of the
processing capacity of the processor it is allo-
cated to. The fraction of capacity demanded by a
task is called its utilization and varies depending
on the processor the task is allocated to. More
precisely, if task 7; were allocated to processor

x;, its utilization of x; is % =u;; € (0,1]U{eo}.
In other words, 7; ; requires a fraction u; ; of the
capacity of =;. If 7; cannot be executed on 7;
then u; j « co. For compactness, the values u; ;
can be encoded in a n x m utilization matrix,
% . Table 1 shows a utilization matrix for a sys-
tem with 5 tasks and 4 processors. Notice that
the heterogeneity of the platform results in non-
identical (and non-uniform) utilization require-
ments from processor to processor.

Processors
m D 3 Ty
Ty 0.14 | 0.24 | 0.12 | 0.36
(7 0.31 | 0.11 | 0.23 | 0.22
T3 0.50 | 0.21 | 0.21 | 0.11
T4 0.50 | 0.12 | 0.14 | 0.12
Ts 0.20 | 0.35 | 0.30 | 0.20

Tasks

Table 1. Example of a utilization matrix

Independence of jobs Different jobs are al-
ways assumed to be independent of each other.
By independence we mean that there is neither
resource sharing nor data dependency. This re-
quirement may appear rather strict because it
applies to jobs the belong to the same task as
well as to jobs belonging to different tasks. But,
when one considers the fact that typical situa-
tions where hard-real time tasks execute are con-
trol applications, which are repetitive and only
update certain values without being dependent
on past state, this imposition is not major.

Partitioned execution Tasks are assigned to
particular processors at design time and all jobs
of the task execute on that processor only. This
approach is known as partitioned scheduling.
Following processor allocation, the problem re-
duces to uniprocessor scheduling and efficient
algorithms have been well-studied for this case.

Non-partitioned schemes allow task and job
migration at run-time. Such schemes may lead
to better utilization of resources but their imple-
mentation is more complex, especially on a het-
erogeneous platform when the same job might
require a different set of instructions and data
formats when migrated from one processor to
another.

Replication To guarantee resilience to faults,
each task is assumed to be replicated on K dis-
tinct processors. If K =2, each task may be
operating in a simple primary/backup configura-
tion, and for K > 2 the output of each job might
be sent to a data consumer who might use any
scheme (such as voting or averaging) to select
the desired output. Triple modular redundancy
(when each component is replicated thrice) has



been a very popular engineering technique for
improving system reliability for many years [17].

We will assume that each task needs to be
replicated K times for simplicity, but the tech-
niques we describe in the paper extend auto-
matically to the case when different tasks might
need a different number of replicas. We will re-
fer to K as the replication factor.

We denote the k" replica of a task as Ti[ . We
[kj] € {0,1} to indicate

i
that the k' replica of task 7; has been assigned
to processor ;. If x¥ ;=1then ri[_k]] has been as-
signed to 7; else it has not been assigned to x;.
The requirement that no two replicas of the same
task are allocated to the same processor can for-
mally be written as

k]

use the indicator variable x

K k
ATED WA EST
k=1

The set of all replicas is denoted by the set I" =
{T[l] Ly (1] K]
D T ey Ty e Ty )

Replication is useful in many (other) con-
texts. Multiple copies of data files might be
saved at different locations to ensure data in-
tegrity. It is also beneficial to view the the re-
quirement that two replicas not reside on the
same processor as an independence require-
ment. Two tasks, not necessarily replicas of the
same task, might need to be allocated to dif-
ferent processors because of resource conflicts.
The ideas we investigate in this paper can be ex-
tended to obtain solutions to such problems.

No communication By assuming job indepen-
dence, we are neglecting the overheads of com-
munication. In some systems, communication
bandwidth is high and the communication laten-
cies are low enough to be ignored or absorbed by
the computation times.

In a replicated task scenario, certain archi-
tectures directly connect processors to sensors
and actuators; outputs from task replicas can be
processed at the actuator (or sensor), which may
perform the error correction or other combinato-
rial operation (like voting).

In general, one should consider the cost
of interprocess communication while perform-
ing task assignment. Yet, performing task allo-
cation even without detailed analysis of inter-
process communication may provide system ar-
chitects with sufficient insight into the overall
system performance.

2.3. Scheduling model
Earliest deadline first (EDF) scheduling is

known to be optimal for scheduling periodic
tasks upon uniprocessors. Liu and Layland [16]

showed that a set of tasks can be scheduled on
a processor if the total utilization of tasks allo-
cated to the processors does not exceed the ca-
pacity of the processor. Alternately, we can say
that all tasks allocated to m; meet their timing
requirements if and only if

N K

Z Z xl[{(]].ui,j <1.

i=ik=1

We restrict our focus to EDF scheduling
given its optimality and the simplicity of testing
schedulability on uniprocessors.

3. Problem statement and hardness

3.1. Definitions

The goal of our work is to find a mapping
of tasks to processors such that the capacity of
any individual processor is not exceeded and no
two replicas of the same task are assigned to the
same processor. We refer to this problem as the
heterogeneous multiprocessor replicated task par-
titioning problem.

Definition 1 For any set of tasks (with replicas)
I, U;(I") denotes the cumulative utilization of all
tasks allocated to processor ;.

N K 0
U,(F’) = Z in’ju,gj.

i=lk=1

Definition 2 A feasible mapping for a set of repli-
cated tasks upon a heterogeneous multiprocessor
system satisfies the following condition:

Uj(I') < 1,9).
3.2. Intractability

Like many combinatorial optimization prob-
lems, the heterogeneous multiprocessor repli-
cated task partitioning problem is intractable.
This can be shown by a reduction to the 3-
PARTITION problem which is known to be NP-
hard in the strong sense [10]. We include the
proof here for completeness.

Theorem 1 The heterogeneous multiprocessor
replicated task partitioning problem is NP-hard in
the strong sense.

Proof.

A special case of the heterogeneous multi-
processor replicated task partitioning problem is
obtained by setting K = 1. This special case, the
heterogeneous multiprocessor task partitioning
problem, was studied by Baruah [5]. The ver-
sion of 3-PARTITION that we transform to an in-
stance of the the heterogeneous multiprocessor



task partitioning problem is as follows: Given an
integer A and a collection L =< ay,as,...,a3, >
of integers such that ¢; > 2,A/4 < a; < A/2 and

135 ,ai = p-A, can L be partitioned into p subsets
Li,...,L, such that the elements in each subset
sum to A?

The instance of the 3-PARTITION problem
described above can be transformed into a set
of 3p recurring tasks that need to be partitioned
over p identical processors by the following step:

Vie {1,3p},Vje{l,p}iu; — “X

From this transformation, it is clear that the
partitioning of the these 3p tasks over the p iden-
tical processors if and only if L can be partitioned
into the p subsets. Thus a special case of the het-
erogeneous multiprocessor replicated task parti-
tioning problem is NP-hard in the strong sense
and the theorem follows. O

4. Linear programming formulation

We consider a slight variation of the task
partitioning problem. The problem, as it is de-
fined, is a satisfiability problem: Is there an allo-
cation that does not violate processor capacities
and, if so, what is the mapping of tasks to proces-
sors?

Changing the problem slightly, we can ob-
tain an optimization problem, &2, that attempts
to minimize the maximum utilization, U =
max{U(I"),U»(I"),...,Uy(I")}, on any proces-
sor. If U <1 then the heterogeneous replicated
task partitioning problem has a feasible solution.
Notice that this formulation is similar to another
NP-hard problem: the minimum makespan prob-
lem [20, 14] for scheduling non-preemptible
tasks on parallel machines. In the minimum
makespan problem, a set of non-repeating, non-
preemptible tasks need to scheduled on a given
number of parallel machines and the objective is
to minimize the completion time — time to finish
the assigned jobs — among all the machines.

4.1. Integer programming formulation

The problem of interest can easily be rep-
resented by an integer linear program. Given
the set of all replicas I", the set of processors I,
and the utilization matrix %, we have the fol-
lowing integer program involving the indicator
[K].

variables x; it

Mathematical Program 1 ILP-FEASIBILITY

Minimize U subject to the following con-
straints:

[K]

(€1 x/)e{0,1},Vi,¥),Vk
(C2) Ml =1, vi vk

()N VP L RS RTATY

(C4) YK <ULV

The objective function for this integer linear
program is to minimize U where U is the maxi-
mum utilization of any processor after tasks have
been assigned to processors.

It is easy to see that the optimal value of U is
less than or equal to 1 if and only if the heteroge-
nous multiprocessor replicated task partitioning
problem has a feasible solution, and the mapping
is given by the values of the indicator variables
that achieve the optimal U. (This can be proved
easily; see Baruah [5] for more details.)

Integer programming formulations cannot
get around the intractability of this problem.
For small problem sizes, however, most mod-
ern optimization products (such as CPLEX [1])
can return optimal solutions in reasonable time.
As problems become large, a common approach
to obtaining approximate solutions is to relax
the integer program to a linear program (which
allows fractional solutions) and then develop
rounding techniques that bound the distance be-
tween the obtained solution and the optimal so-
lution.

4.2. Linear programming relaxation

By relaxing the restrictions that xl[k} be inte-

gers, we get the a linear program with the the

new requirement that xl[kj] > 0. Linear programs
can be solved efficiently; the ellipsoid algo-
rithm [13] and the interior-point algorithm [12]
run in polynomial time and the popular sim-
plex algorithm [8] typically takes polynomial
time [23] even if its worst-case behavior is ex-
ponential.

Mathematical LP-RELAX-
FEASIBILITY
Minimize U subject to the following con-
straints:

€D x>0,V vk
(C2) Ml = 1, vi vk
©) K xl<iviy)

€4 L <uvj

Program 2

It is useful to recall the following facts about



linear programming [19]:

Fact 1 The feasible region for a linear program-
ming problem is convex and the objective function
reaches its optimal point at a vertex of the feasible
region.

Fact 2 Consider a linear program on n variables
X1,...,X, in which each variable is subject to the
non-negativity constraint. Suppose there are m
linear constraints. If m < n, then at most m of
the variables have non-zero values at each vertex
of the feasible region.

An insight in Baruah’s work [5] was that
when K = 1 and the integer constraints were re-
laxed to obtain a linear program, at most M — 1
tasks might be assigned to more than one proces-
sor. This observation follows from the fact that
when K = 1, there are NM + 1 variables and
N+ M linear constraints. Using Fact 1 and Fact 2,
N + M variables are non-zero at an optimal so-
lution. U must be non-zero, and that leaves
N+ M — 1 indicator variables that are non-zero.
Using the pigeonhole principle, it is possible to
conclude that at most M — 1 of the constraints
that ensure that a task is completely allocated
(Constraint (C2) in LP-RELAX-FEASIBILITY) will
have more than one non-zero variable. Baruah
suggested that for these M — 1 tasks, an expo-
nential search with time-complexity O(M™) can
be used to determine the task assignment. If M
is assumed to be a constant, then Baruah’s two-
step process can be used to obtain an algorithm
that is typically polynomial time in N. Baruah
showed that the two-step algorithm is guaran-
teed to find a solution to the partitioning prob-
lem if there is a feasible mapping of tasks to
processors in which at most half the capacity of
each processor in IT is used. It may not find a
solution otherwise. Essentially, this scheme is a
2-approximation scheme.

In the case of the problem under study in
this paper (task allocation with replication), we
note that the relaxation LP-RELAX-FEASIBILITY
has NMK + 1 variables and NK + NM + M con-
straints. Following the reasoning described by
Baruah, we can conclude that at an optimal ver-
tex point of the linear program, NK + NM +M — 1
indicator variables are non-zero and at most
NM + M — 1 of the constraints described by (C2)
in LP-RELAX-FEASIBILITY have more than one
non-zero variable. This means that an exhaus-
tive scheme used to map the task replicas asso-
ciated with these constraints would have a time
complexity of O(M"M) which is exponential in
N. The requirement that two replicas of a task
not be allocated to the same processor leads to a
rapid growth in problem complexity.

The difficulty of applying Baruah’s technique
leads us to consider alternate approaches to solv-
ing the replicated task allocation problem.

5. Dynamic programming formula-
tion

The heterogeneous multiprocessor repli-
cated task partitioning problem can be solved by
a dynamic programming approach if we quan-
tize the utilizations of the tasks. If §(0 < 6 <
1), is the smallest quantum of utilization, then
we replace each u; j with u] ; < [u;;/8] - 8. This
quantization transforms the original problem
where utilization could be any value in (0,1] to a
problem, 2?', where the utilization is an integer
multiple of J.

To minimize the maximum utilization
among the processors, consider the dynamic pro-
gramming approach specified in Algorithm 1.

The dynamic programming approach pre-
sented here determines an optimal solution for
the quantized version of the problem. Each
step of the dynamic programming recurrence re-
quires O((%)) computations.

The size of the (M + 1)-dimensional array
that needs to be computed is O(N - CY) where
C is an upper-bound on the maximum achiev-
able processor utilization in discrete steps of size
9, ie, C= maxj2£1u§7j/6. Therefore, this dy-
namic programming approach to solving the par-
titioning problem requires O((}) -N-C™) time.
For fixed M, if C is part of the problem input,
the dynamic programming method leads to a
pseudopolynomial-time algorithm.

We allow CO to exceed 1 because we are
solving the optimization problem of minimizing
U'. If U’ exceeds 1, there is no feasible assign-
ment of tasks such that the replication require-
ments and timing constraints are satisfied.

The quantization is necessary to obtain a
pseudopolynomial-time algorithm. Quantization
leads to an array of finite size; allowing all pos-
sible values in (0,1] for values of ul[k; would
require an array of infinite size. Let upyq =
max; max;{u; ;} from all u;; # oo (eliminate all
obviously infeasible assignments). Trivially, U >
unax- Further, we observe that in the quantized
version of the problem, C can be no larger than
N |tmax/6].

It is, of course, important to note that the
dynamic programming technique solves only the
quantized version of the replicated task parti-
tioning problem to optimality. The quantization
introduces an error of at most § per task because
ui j < 0|u;j/8|+ 8. Since at most N task replicas
can be assigned to a particular processor!, the
error in the maximum utilization that is being
minimized is at most N§.

If U’ is the solution (the maximum utiliza-

INo two replicas of a task can be assigned to the same
Processor.



Algorithm 1 DP-Partitioning

e Fori=1,...,N, let X(i,Uy,...,Uy) be the minimum among the maximum utilizations achieved by
optimally allocating tasks 7, 7i11,..., 7, given that processor x; has already achieved a quantized
utilization of U; after the assignment of the first i — 1 tasks. Task 7; needs to be allocated to K
distinct processors.

Let By,...,B; be all the possible combinations of K processors from the set IT of processors. There

are L= (y) such combinations. Let y;; be the indicator variable denoting 7; € B;.

In fact, this formulation suggests the following simple recurrence:

i=1,2,...,N: X(i,Uy,....,Uy) = ll‘IllinLX(i+17U1+y1,lbt§,17~~~7UM+)’M,IM§,M)

i=N+1: X@i,Uy,...,Uy)= max U,

j=l,M
This recurrence relation clarifies the process outlined in the first step.

To obtain the optimal solution to the problem, we need to identify how to allocate the very first
task, therefore, we need to determine X(1,0,...,0). The procedure to obtain X(1,0,...,0) can be
endowed with some extra memory to obtain, efficiently, the sequence of allocations that produces

a feasible solution.

tion of any processor) to problem 2?’, we can
see that U < U’ +N§. Also, it is straight-forward
to see that U’ > u/,,. where u),,. = |umax/8]96.

max

We now have

U 14N No
U — U - Unax

=1+g¢,

where € = N§/u,,,. Thus, if problem 47’ has a
feasible solution (U’ < 1), then problem & has
a feasible solution if the speeds of some of the
N processors are increased by a factor of at most
1 +¢. If &' does not have a feasible solution, &
has no feasible solution. This implies that &’ is

a (1+ ¢)-approximation algorithm for &.

Moreover, using & = %, we get C < N?/¢
from which we note that the approximation al-

. . 2M+1 . . .
gorithm requires 0((%) N £M+ ) time, which is

polynomial in N, K and 1/¢ for fixed M.

Theorem 2 For a fixed error parameter €, the
heterogeneous multiprocessor replicated task par-
titioning problem admits a fully polynomial-time
approximation scheme.

Proof.

Algorithm 1 is accurate to a factor of (1+

¢) and has time complexity O((%) - ¥ i’:’;l ) which

is polynomial in N, K and 1/e. It is a FPTAS
for the heterogeneous multiprocessor replicated
task partitioning problem. O

Additional remarks In our algorithm con-
struction, we assumed that each processor may
achieve a utilization of up to C§. Solving the

problem in this manner allows a designer to un-
derstand how constrained the platform is for ex-
ecuting a set of tasks. This is not strictly neces-
sary if Co > 1. If feasibility is the only question
of interest, the dynamic programming need not
extend to processor utilizations beyond 1. In this
case, the size of the dynamic programming ar-
ray need be O(N([1/8])). From an implemen-
tation perspective, this observation leads to re-
duced memory requirements and running times.
It is useful to note that the dynamic program-
ming formulation has polynomial running time
but requires significant amounts of memory. All
the memory, however, is not needed at the same
time, and careful allocation of memory can re-
duce the instantaneous memory load.

6. Examples

To provide a clear understanding of our
work, we use examples to illustrate the possible
solutions that can be obtained using our dynamic
programming approach. We consider two exam-
ples where dynamic programming finds a feasi-
ble solution for the quantized problem but the
original partitioning problem may or may not
have a solution. Before proceeding, we reiterate
that if there is no feasible solution to the quantized
problem, the original problem is infeasible.

6.1. Example 1

We begin with the task set described in Ta-
ble 1. In this case, N =5 and M = 4. We set
the replication factor, K to 3. In this task set,



umax = 0.5 (as can be seen by an inspection of the
utilization matrix). For a desired accuracy of € =
0.5, we need to use 8 = (€ X tyqy)/N = 0.05. Us-
ing dynamic programming, we obtain the maxi-
mum utilization of a processor in the quantized
setup as U’ = 0.7.2 The task mapping is shown
in Table 2. Each task is allocated to exactly 3
processors.

Table 2 contains the actual utilization (not
the quantized utilizations) and we find that w3
achieves the maximum utilization of U = 0.77
which is less than 1. In fact, we had an a pri-
ori guarantee that U < (1+¢)U’. Since U’ was
0.7 and € = 0.5, we could be almost certain, even
without the knowing the exact mapping, that the
given problem has a feasible solution.

For this particular example, we could have
eliminated all uncertainty if we had chosen € =
0.25 because we would have obtained U’ = 0.725
and (1+0.25)(0.725) = 0.90625 < 1 which en-
sures that the problem has a feasible mapping
without verifying the allocation. The choice of
€ is a tradeoff between available memory, run
time and desired confidence in the existence of a
feasible solution.

6.2. Example 2

Consider a task set (Table 3) that is slightly
different from the earlier example.

Using the same parameters as in Example 1
(K =3,e=0.5), we get the solution to the quan-
tized problem as U’ = 0.9. The task mapping is
shown in Table 4.

In this example, although U’ = 0.9 < 1, the
actual allocation results in a capacity violation
on m,. However, given our choice of € = 0.5,
we know that the utilization of 7, cannot exceed
(1+0.5)(0.9) = 1.35 and that is indeed correct.
The utilization of m, is 1.02.

Situations like these may be tided over by
employing a slightly faster (but similar) proces-
sor in place of m,. An alternate approach which
will avoid such situations, where the quantized
problem is feasible but the original problem is
not, completely is to scale all utilizations by 1+ ¢
before quantization. Scaling will ensure that a
feasible solution to the quantized problem nec-
essarily implies a feasible solution to the original
partitioning problem. However, scaling might
make a normally feasible problem infeasible and
that possibility should be accounted for.

7. Related work

The work that is most closely related to
our work is Baruah’s work on task partition-

2We do not discuss the dynamic programming step-by-
step because of space constraints.

ing upon heterogeneous multiprocessor plat-
forms [5]. Baruah does not consider task repli-
cation and develops a 2-approximation scheme
that has polynomial-time complexity in the num-
ber of tasks and exponential-time complexity in
the number of processors.

We have generalized the problem to include
replication with the constraint that no two repli-
cas are mapped to the same processing unit.
This is significant from the fault tolerance per-
spective. Also, our dynamic programming ap-
proach yields a fully polynomial-time approxi-
mation. The time complexity of our scheme is
polynomial in the number of tasks, and in 1/¢
where ¢ is the error tolerance. To obtain a FP-
TAS, we have followed work due to Woeginger
on obtaining approximation schemes from dy-
namic programming formulations [24].

There has been extensive work on parti-
tioned scheduling of multiprocessor real-time
systems. Most of the work in this area has typ-
ically focussed on obtaining utilization bounds
that ensure schedulability of a set of tasks [18, 2,
4, 9], especially in the context of uniform micro-
processor systems (all processing units are alike
— they might differ in speeds by some known fac-
tors.) None of these works deal with heteroge-
neous platforms or provide fault tolerance.

Liberato et al. [15] have proposed a fault-
tolerant scheduling algorithm which allows tasks
to recover from transient failures. Their ap-
proach uses global scheduling and does not re-
cover from permanent failures.

Aydin [3] has extended processor demand
analysis to analyze uniprocessor schedulability in
the presence of at most k transient faults when
tasks are scheduled using EDF. Aydin considers
that systems that use recovery blocks associated
with failures and accounts for the extra overhead
that recovery blocks may introduce. In the sys-
tems we target, there is full replication of tasks
and recovery is not performed only after a fault
occurs.

Bertossi et al. [6] have analyzed first-fit as-
signment for real-time tasks scheduled using rate
monotonic priority assignments with passive and
active task instances. They assume that a passive
instance will be invoked only when the active in-
stance of a task fails and allocate passive replicas
of many tasks to the same processor assuming
that only a few of the passive replicas will need
to be activated at the same time. In compari-
son, we have devised a FPTAS that makes effi-
cient task allocations and allows more than two
replicas of a task to execute at the same time:
essentially providing for better fault resilience.
The choice of using active/passive replicas or all-
active replicas is a design choice that should be
guided by the reliability requirements of the real-
time system.



Processor Tasks (Utilization) Total utilization
v 71(0.14),1,(0.31), 75(0.20) 0.65
™ 71(0.24),7(0.11), 73(0.21), 74(0.12) 0.68
™ 71(0.12), 73(0.21), 74(0.14), 75(0.30) 0.77
4 7,(0.22),73(0.11),74(0.12), 75(0.20) 0.65

Table 2. Task-to-processor mapping for Example 1

Tasks Processors
m (%) 3 7]
T 0.14 | 0.24 | 0.12 | 0.36
(7 0.31 | 0.31 | 0.23 | 0.22
T3 0.50 | 0.41 | 0.41 | 0.11
T4 0.50 | 0.12 | 0.14 | 0.12
T5 0.20 | 0.35 | 0.40 | 0.40

Table 3. Utilization matrix for Example 2

8. Conclusion

We have studied the problem of mapping re-
curring tasks to a heterogeneous set of proces-
sors in a fashion that guarantees that tim-
ing requirements are met and tasks are repli-
cated so that processor failures can be toler-
ated. In this work, we have generalized work
done by Baruah [5]. Our work presents a fully
polynomial-time approximation scheme to solve
this problem, thereby advancing the state of the
art. The scheme we outline has been imple-
mented and in our experiments we found that
the runtime overhead is acceptable — for an of-
fline process — and is of the order of some tens of
seconds for small input sizes (task sets and num-
ber of processors) and a few minutes for larger
inputs. A more exhaustive performance charac-
terization is a topic for further work.

To be precise, we must mention that our al-
gorithm is fully-polynomial time in the number
of tasks and not in the number of processors, but
the number of processors in such applications is
much smaller and therefore the complexity is ac-
ceptable. Whether it is possible to construct an
algorithm that is polynomial in the number of
processors also is open.

Partitioned scheduling allows a system de-
signer to reason better about the behavior of the
system under processor failures. Global schedul-
ing, which allows tasks to migrate from proces-
sor to processor, provides better schedulability
and we would like to further understand the
tradeoff between partitioned and global schedul-
ing as regards fault tolerance. We hope to lever-
age some of the work that has been carried out
in this direction (e.g., [15]).

Task allocation, in this work, has been car-
ried out with timing and fault-tolerant con-
straints alone. We would like to explore this
problem with added constraints. For instance,

memory is a limited resource and designers
would like to ensure that task allocation respects
the memory limits of a processor. Power con-
sumption is another area of concern for real-time
systems and power-aware task assignment poses
another challenge for partitioned execution.
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